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a b s t r a c t

In this article, the analytical solution of the 2D problem for cracked thermoelastic fiber-reinforced aniso-
tropic material is investigated. The boundary of the crack is due to a prescribed temperature and stress
distribution. In the case of one relaxation time, the generalized thermoelastic theory has been employed.
In the transformed domain using exponential Fourier and Laplace transformations, the eigenvalues
approach are used to obtain the analytical solutions. The inverse of Fourier transform has been obtained
analytically. Comparisons with expected results by the absence and presence of reinforcement have been
presented. Results were verified numerically and are represented graphically.

! 2017 Elsevier Ltd. All rights reserved.

1. Introduction

Two generalized thermoelastic theories well-investigated and
well-established. Firstly, Lord and Shulman [1] presented the gen-
eralized thermoelastic theory with one relaxation time by postu-
lating a new law of thermal conduction instead of the classical
Fourier law. Secondly, Green and Lindsay [2] presented two relax-
ation times effects on the generalized of thermoelastic theory. For
the anisotropic medium, Dhaliwal and Sherief [3] extended the
generalized thermoelastic theories. Based on the entropy equality
rather than the usual entropy inequality, Green and Naghdi [4–6]
established three new theories of thermoelasticity in the decade
of the 1990s. The constitutive assumptions for the vector of heat-
flux in each theory are different. So they got three theories of ther-
moelasticity called types I, II, and III. We get the classical thermoe-
lasticity system when the type I model is linearized. Type II model
(a limiting case of type III) does not admit energy dissipation.

Fibers are assumed an inherent property of the material, rather
than some form of inclusion in these models as well as published
by Spencer [7]. Fiber-reinforced composites are widely used in
technical structures. A continuum model is used to explain the
mechanical properties of these materials. The material strength
with cracks was attracting a problem in fracture as well as
mechanically structural and the knowledge of the elastic stresses

fields is potentially useful for strength estimation based upon the
theory of brittle fracture. Several articles have appeared which
treat the stress distributions in an unbounded solid due to the
application of normal pressure or temperature on the faces of a cir-
cular internal fiat crack. Due to the practical and theoretical impor-
tance, several problems have been studied on vibrations and waves
in thermoelastic fiber-reinforced mediums. Abbas et al. [8–10]
used the method of finite element to study various problems of
thermoelastic interactions in a fiber-reinforced medium. In addi-
tion, different researchers have investigated many problems in a
fiber-reinforced medium under thermal or mechanical loading by
a different method as previously published [11–17]. Abbas and
Zenkour [18] investigated finite element analyses in magnetother-
moelastic interaction in an infinite FG cylinder. Abbas [19] studied
the fractional order generalized magnetothermoelastic material
due to moving heat source using eigenvalue approach. Sherief
and El-maghraby [20,21] studied mode I crack problems by using
the method of regularization. Prasad et al. [22] applied the method
of regularization in a two-dimensional thermoelastic problem of a
mode I crack under Green and Naghdi type III model. Lotfy [23]
studied the mode-I crack in a 2D fiber-reinforced material under
the theory generalized thermoelasticity by normal mode method.
Lotfy and Othman [24] investigated the magnetic field effect for
a mode-I Crack on a fiber-reinforced two-dimensional problem
under generalized thermoelastic theory.

In this article, using the eigenvalue approach to obtain the ana-
lytical expressions of the displacement components, the tempera-
ture and the stress components in the physical domain. Non-
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dimensional equations are managed through the use of an
analytical-numerical technique based on Laplace transformation,
Fourier transformation, and eigenvalues approach. The results have
been verified numerically and graphically.

2. Basic equation

An infinite space !1 < x < 1 !1 < y < 1 was considered in
this problem containing a crack on the y-axis, jxj 6 b, x ¼ #0:0.
The cracks surface is subjected to a prescribed temperature and
to a distribution of the normal stresses. Depending on all aspects
considered are the coordinates x, y and the time t. Thus, the com-
ponents of displacement vector ui can be written by

u ¼ u1ðx;y; tÞ; v ¼ u2ðx;y; tÞ; w ¼ u3 ¼ 0: ð1Þ

The direction of the fiber is chosen as a & ð1;0;0Þ so that, the
preferred direction is the x-axis and the governing equations have
the following form [25]:
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where b11 ¼ ð2kþ 3aþ 4lL ! 2lT þ bÞa11 þ ðkþ aÞa22;b22 ¼
ð2kþ aÞa11 þ ðkþ 2lTÞa22, a11;a22 are the coefficients of linear
thermal expansion, m11 ¼ kþ 2ðaþ lTÞ þ 4ðlL ! lTÞ þ b, m13 ¼ lL,
m12 ¼ aþ kþ lL, m22 ¼ kþ 2lT. Where T is the increment of in
temperature; q is the density of mass; sxx; sxy and syy the stress
components; ce the specific heat at constant strain; K11 and K22

are the components of thermal conductivity; To is the uniform ref-
erence temperature of the material; k, lT are elastic parameters. It
is convenient to use the non-dimensional form for the previous
equations. Thus, the non-dimensional parameters are given by

ðt0; s0oÞ ¼
c2ðt;soÞ

v ; T0 ¼ T! T0

T0
;
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where c2 ¼ m11
q and v ¼ K11

qce. After suppressing the primes, the previ-
ous Eqs. (2)–(7) reduce to
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where n1 ¼ m11
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, n2 ¼ m12
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3. Application

Now to solve this problem, the initial conditions and boundary
conditions should be given. The initial conditions are homogenous
as

uðx; y;0Þ ¼ @uðx;y;0Þ
@t

; vðx;y;0Þ ¼ @vðx;y;0Þ
@t

¼ 0;

Tðx;y;0Þ ¼ @Tðx;y;0Þ
@t

¼ 0 ð15Þ

At x ¼ 0, the boundary conditions can be considered by

T ¼ 0; jyj > a ð16Þ

sxx ¼ 0; jyj > a ð17Þ

T ¼ T1Hða! jyjÞHðtÞ; jyj 6 a ð18Þ

sxx ¼ !P1Hða! jyjÞHðtÞ; jyj 6 a ð19Þ

sxy ¼ 0; !1 < y < 1 ð20Þ

where H is the step function of the Heaviside unit, T1 and P1 are
constants. This means that the heat and mechanical loading are
applied on the crack surface as represented in Fig. 1.

4. Solution in the Laplace transformation domain

The Laplace transformation of a function gðx; y; tÞ is defined as

!gðx;y; sÞ ¼ L½gðx;y; tÞ) ¼
Z 1

0
gðx; y; tÞe!stdt; s > 0 ð21Þ
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Fig. 1. Fiber-reinforced plate.
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